Abstract. We show that the problem whether a given finite metric space (X, d) can be embedded into the rectilinear space R m can be formulated in terms of m-colorability of a certain hypergraph associated with (X, d). This is used to close a gap in the proof of an assertion of Bandelt and Chepoi [2] on certain critical metric spaces for this embedding problem. We also consider the question of determining the maximum number of equidistant points that can be placed in the m-dimensional rectilinear space and show that this number is equal to 2m for m ≤ 3.
Introduction
Given a metric space (X, d) let dim 1 (X, d), or dim(X, d) for short, denote the smallest integer m for which (X, d) can be embedded into the m-dimensional rectilinear space, that is, R m equipped with the 1 -distance. This number is called the 1 -dimension of (X, d). The metric space (X, d) is said to be critical if every proper subspace of (X, d) has a smaller 1 -dimension than (X, d). Critical metric spaces are essential for the determination of the order of congruence c(m) of the m-dimensional rectilinear space. Here, c(m) denotes the smallest integer such that an arbitrary metric space (X, d) embeds into the m-dimensional rectilinear space if and only if the same holds for every subspace of (X, d) on at most c(m) points. The study of the parameter c(m) is motivated by the following classical result of Menger [12] : A metric space (X, d) embeds into the Euclidean space R m if and only if the same holds for every subspace of (X, d) on at most m + 3 points. Hence, c(1) = 4 by Menger's result. Bandelt and Chepoi [2] show that c(2) = 6. This result was also established by Bonan-Hamada [4] . Malitz and Malitz [11] show that c(m) ≥ 2m + 1 for all m. This bound was improved to 2m + 2 by Schmerl in some unpublished letter (1992). Bandelt and Chepoi [2] assert that c(m) ≥ m 2 for all m odd. The proof for the latter assertion relies on the claim that the complete graph K 2m+1 yields a critical metric space with 1 -dimension m + 1. The proof for this fact is however not correct as it assumes that an embedding realizing the 1 -dimension is provided by the d-splits of K 2m+1 . We provide here another argument for demonstrating the inequality: c(m) ≥ m 2 for m odd. It is based on the analysis of critical metric spaces arising from the Cartesian product of two stars. Moreover, it also permits us to show that c(m) ≥ m 2 − 1 for m even, c(3) ≥ 10. We also supply a proof for the assertion of [2] concerning the 1 -dimension of the complete graph up to dimension 3; namely, we show that the complete graph K 2m+1 has 1 -dimension m + 1 for m ≤ 3.
A Coloring Criterion for m

-Embeddability
In what follows we present some basic tools for studying the notion of 1 -dimension. For the sake of brevity we say that (X, d) is m 1 -embeddable if (X, d) can be embedded into the m-dimensional rectilinear space. We first give an elementary characterization for m 1 -embeddable metric spaces in terms of nested families of cuts, which can also be reformulated in terms of a coloring property of an associated hypergraph.
We begin with several observations concerning the structure of m 1 -embeddable metrics, where m ≥ 1 is an integer. A basic property that is used throughout this note is the fact that a metric space (X, d) is 1 -embeddable if and only if d can be decomposed as a positive combination of metrics associated with cuts (alias splits) S, S of X , where ∅ = S ⊆ X and S = X \S; namely,
where λ S > 0 for all δ(S) ∈ S and S is a family of cut metrics (or simply cuts) on X . Remember that δ(S) denotes the metric on X taking value 1 for a pair of points x ∈ S, y ∈ X \S, and value 0 otherwise. We let CUT(X ) denote the cone generated by the cuts δ(S) for S ⊆ X ; hence CUT(X ) consists precisely of the metrics on X that are 1 -embeddable. When d is m 1 -embeddable then d has such a decomposition with a special structure. We need some definitions in order to formulate it.
Given a family S of cuts on X , set
the members of S are the shores (or half-spaces) of the cuts in S. The family S is said to be nested if the elements of S can be ordered as S 1 , . . . , S m , S 1 , . . . , S m in such a way that S 1 ⊂ S 2 ⊂ · · · ⊂ S m (and thus, S m ⊂ · · · ⊂ S 2 ⊂ S 1 ). Given an integer m ≥ 1, S is said to be m-nested if S can be partitioned into m nested subfamilies. (Hence, 1-nested means nested.) Two cuts δ(A) and δ(B) are said to form a incompatible pair if the four sets A ∩ B, A ∩ B, A ∩ B, and A ∩ B are nonempty; that is, if no two sets among A, A, B, B are comparable with respect to inclusion. Three cuts δ(A), δ(B), δ(C) are said to form an asteroidal triplet if there exist A ∈ {A, A}, B ∈ {B, B}, C ∈ {C, C} such that A, B, C are pairwise disjoint. Hence, the family {δ(A), δ(B), δ(C)} is nested precisely if it does not contain any incompatible pair and does not constitute an asteroidal triplet. Let H(S) denote the hypergraph with node set S and whose edges are the incompatible pairs and asteroidal triplets, called the nesting hypergraph of S. Then it can be easily verified that S is nested if and only if its nesting hypergraph H(S) is 1-colorable, i.e., has no edge. (A hypergraph is said to be k-colorable if its vertices can be colored with k colors in such a way that no edge is monochromatic.) This follows from the fact that a family S is nested if and only if any three members of S form a nested subfamily. Therefore, Proof. We first consider the case when m = 1.
Up to a reordering of the elements of X , we can suppose that
Then (ii) holds as the family {δ({1, . . . , i}) | i = 1, . . . , n − 1} is obviously nested. Consider the path P = (1, . . . , n) with weight w i,i+1 := u i+1 − u i on edge (i, i + 1) (i = 1, . . . , n − 1). Then the shortest path metric of the weighted path P coincides with d, which shows (iii).
(iii) ⇒ (i) Let P = (1, . . . , n) be a path with nonnegative weight w i on edge (i, i + 1) for i = 1, . . . , n − 1. Then its path metric d P,w can be decomposed as
Then it can be verified that d(i, j) = u j − u i for all i, j ∈ X , which shows that d is It is not clear how to use this result for devising a polynomial algorithm permitting the recognition of m 1 -embeddable metrics. The difficulty is that a metric in the cone CUT(X ) has, in general, many decompositions of the form (2.1) (in fact, an infinity if it is not 1 -rigid-see the definition below). However, in the case m = 1, 2, Bandelt and Chepoi [2] have observed that it is enough to check one special decomposition (namely, the one corresponding to a "total decomposition" of d in the terminology of [3] ). Moreover, they show that 2 1 -embeddability can be ensured by verifying all five-and six-point subspaces; that is, c(2) = 6. This implies that 2 1 -embeddability can be checked in polynomial time; Malitz and Malitz [11] assert that this can be done in time O(n 3 ) for a metric on n points. We recall that, on the other hand, checking 1 -embeddability (i.e., embeddability into some rectilinear space R m for unrestricted m) is NP-complete [10] . If a metric d happens to have a unique decomposition of the form (2.1), then its 1 -dimension can be determined by inspection of the family S entering its decomposition (2.1); we shall see several such examples in Section 3 below.
A useful tool for studying the 1 -dimension is the additivity property for the 1 -dimension of a direct product of metric spaces, which we establish next. Recall that the direct product of two metric spaces (
, where S is a family of cuts on X that is m-nested. Observe now that every cut δ(S) is of the form δ(A× X 2 ) or δ(X 1 × B) for some A ⊂ X 1 , B ⊂ X 2 . This follows from the fact that d satisfies the triangle equalities:
for all x 1 , y 1 ∈ X 1 , x 2 , y 2 ∈ X 2 ; hence, any cut δ(S) ∈ S satisfies these equalities, which implies that it has the claimed form.
. Note that no two cuts δ(A× X 2 ) and δ(X 1 ×B) can be put together in a nested family. Hence, the m nested families partitioning S yield a partition of the cuts δ(A) (A ∈ A) in p nested families and a partition of the cuts δ(B) (B ∈ B) in q nested families with p +q = m. Therefore, p ≥ dim(X 1 , d 1 ) and
Bounds on the 1 -Dimension
A metric d is called 1 -rigid if d lies on a simplex face of the cone CUT(X ); this is clearly equivalent to requiring that d has a unique decomposition as (2.1). Then its 1 -dimension is equal to the smallest number of nested families needed to cover the set S of cuts entering in this decomposition. Several examples of 1 -rigid metric spaces are given in [5] and the behavior of 1 -rigidity under several operations is studied there. In particular, it is shown that the direct product of two metric spaces (X 1
is the unique decomposition of its path metric as a sum of cuts, called star decomposition.
(Remember that a leaf in a graph is a node of degree one.) Thus the 1 -dimension of a hypercube embeddable graph can be determined by examining the decomposition of its path metric as (2.1). This can be easily done in the case of trees. Namely, it follows from the next result that the 1 -dimension of a tree T is equal to p/2 , where p denotes the number of leaves of T .
Lemma 3.1 [9] , [6] . The following assertions are equivalent for a tree T = (V, E): In particular, the star K 1,n has 1 -dimension n/2 .
We give below some lower bounds for the parameter c(m) that use a construction based on the star K 1,n . Note that any star K 1,n is an instance of a median space. Remember that a metric space
The following fact is easily established; see [13] . (It follows essentially from the above mentioned rigidity result for the isometric subgraphs of the hypercube and the fact that a median space can be interpreted as the graphic metric space of a hypercube embeddable graph with suitable edge-weights.) Proof. We start with an observation. Let (X, d) denote the graphic metric space of the graph G := K 1,s × K 1,t (the Cartesian product of the two stars K 1,s and K 1,t ) where s, t ≥ 3 are odd. Its 1 -dimension is dim(X, d) = s/2 + t/2 (applying Lemmas 3.1 and 2.3, as K 1,s , K 1,t are trees with s and t leaves, respectively). Say G has node set X := V 1 × V 2 , where V 1 := {u 0 , u 1 , . . . , u s } and V 2 := {v 0 , v 1 , . . . , v t } (u 0 , v 0 denoting the respective "centers" of the stars K 1,s and K 1,t ). Then d can be decomposed (in a unique way) as 1, . . . , t) . Clearly, any two cuts δ(S i ), δ(T j ) do not form a nested pair, while any two δ(S i ), δ(S j ) (or δ(T i ), δ(T j )) do form a nested pair. This shows again that dim(X, d) = s/2 + t/2 . On the other hand, if we delete the element x = (u i 0 , v j 0 ) from X (where i 0 ∈ {1, . . . , s} and j 0 ∈ {1, . . . , t} correspond to leaves in the two trees), then the two cuts δ(S i 0 \{x}) and δ(T j 0 \{x}) become a nested pair. Hence, the cuts δ(S i \{x}), δ(T j \{x}) can now be partitioned into s/2 + t/2 − 1 nested subfamilies, which shows that
for such x.
We can now proceed with the proof. We first show that c(m) ≥ m 2 for m odd. 
The 1 -Dimension of K n
Although it was fairly easy to establish the asserted bounds on c(m) in Proposition 3.3 without explicitly knowing the 1 -dimension of the graphic metric space associated to the complete graph K m , it is nevertheless of interest to see how many equidistant points the rectilinear space of dimension m can harbor.
It is obvious that at least 2m equidistant points can be placed in the m-dimensional rectilinear space; namely, consider the coordinate vectors ±e i (i = 1, . . . , m) . We refer to the configuration of points ±e i (i = 1, . . . , m) as to the trivial embedding of the complete graph K m (up to a multiplicative factor). Is it the best that can be done? This question was already raised by R.K. Kusner (see Problem 0 of [8] ). For related problems see [1] and [7] . The answer is yes in dimension m ≤ 3 but is not known for m > 3. We conjecture that the answer is always yes; in other words, that
(For brevity, we let dim(K m ) denote the 1 -dimension of the graphic metric space attached to K m .) The case m = 1 is obvious and the case m = 2 follows from the following easy argument. Assume that u i ∈ R 2 (i = 1, 2, 3, 4, 5) are five equidistant points in the plane. Let X ⊆ {u 1 , u 2 , u 3 , u 4 , u 5 } consist of the points corresponding to the minimum and maximum values in each of the two coordinate directions; so |X | ≤ 4. The points in X determine a rectangle which encloses all u i 's. It is easy to see that this rectangle is covered by the intervals I (x, y) for x, y ∈ X . Therefore, some u i lies in an interval I (u j , u k ), which yields a contradiction. Moreover, a configuration of four equidistant points in the plane is (up to translation) the trivial one. On the other hand, K 3 has an infinity of embeddings in R 2 (e.g., by the points (1, 0), (0, 1), and (−a, a − 1) for 0 ≤ a ≤ 1). However, all of them correspond to the star decomposition (3.1). Indeed, if
2 realize an embedding of K 3 , then x 0 , x 1 , x 2 , x 3 realize an embedding of the star K 1,3 (up to a factor of 1 2 ), where x 0 is the median point of x 1 , x 2 , x 3 in R 2 . The case m = 3 is settled in the next result.
Proof. What we have to show is that any set X ⊆ R 3 of equidistant points has cardinality |X | ≤ 6. Denote the 1 -distance between two points x, y by d(x, y) and assume that d(x, y) = 1 for all x = y ∈ X . Let u = v ∈ X for which the interval I (u, v) has minimum dimension k. Suppose first that k = 1; that is, I (u, v) is a segment. Then X \{u, v} lies in the hyperplane orthogonal to the segment I (u, v) and passing through its midpoint. Therefore, |X \{u, v}| ≤ 4 (as X \{u, v} is a two-dimensional equidistant set of points), which implies that |X | ≤ 6. Hence, we can assume from now on that k = 2, 3; that is, I (u, v) is a rectangle or a parallelepiped. Let ϕ(x) denote the median of x, u, and v (with the ith component the medium value of x i , u i , and v i ). In other words, ϕ(x) is the projection of x onto I (u, v).
for all x ∈ X \{u, v}. We distinguish two cases, depending on whether the medians ϕ(x) are all equal or not.
Suppose first that all medians ϕ(x) (x ∈ X\{u, v}) coincide. Then the points in X together with the common median ϕ(x) form an embedding of the star K 1,|X | in the rectilinear 3-space. By Lemma 3.1, this implies that |X | ≤ 6.
We can henceforth assume that there exist at least two distinct medians. We show that, in fact, |X | ≤ 4 holds. To fix ideas, we assume that
A first useful observation is that some half-plane orthogonal to a coordinate axis separates x and y from I (u, v) if ϕ(x) = ϕ(y). Namely, (This follows easily from the fact that both ϕ(x) and ϕ(y) are at the same distance 1 2 from u and v; see Fig. 1 for an illustration.) This permits us to derive that any two medians are distinct:
be a second median which is distinct from ϕ(x) = ϕ(y). By applying (a) to both pairs x, z and y, z, we can find two distinct indices i, j for which ϕ(z) i = ϕ(x) i , ϕ(z) j = ϕ(x) j . Therefore, ϕ(z) and ϕ(x) lie on a common edge of I (u, v), which contradicts (b).
Some final observations follow. No median ϕ(x) lies in the interior of I (u, v) if I (u, v) has dimension k = 3 (else, x = ϕ(x) ∈ I (u, v)). Moreover, no two distinct medians ϕ(x), ϕ(y) lie in the interior of I (u, v) if k = 2 or in the interior of a facet of
If there is a median ϕ(x) lying in the interior of an edge of I (u, v) incident with u or v (thus, an arbitrary edge in the case k = 2), then the other edges incident with this edge contain no median (because the distance of a median to both u and v is equal to 1 2 ; see Fig. 1 ). We can now conclude that |X \{u, v}| ≤ 2; that is, |X | ≤ 4. This follows easily from the above observations if there is no median lying in the interior of I (u, v) when k = 2, or in the interior of a facet of I (u, v) when k = 3. We now consider the case when some median ϕ(x) lies in the interior of a rectangle R which is either I (u, v) when k = 2, or a facet of I (u, v) when k = 3. Then all other medians lie on the boundary of R and in fact there are at most two of them. We assume that there exist two medians ϕ(y) and ϕ(z) on the boundary of R. Now all points a ∈ X \{u, v} lie on the same side of the hyperplane
a and b are on distinct sides of H ). Let H and H denote the two other hyperplanes parallel to the coordinate hyperplanes and passing through ϕ(x). So, := H ∩ H is the line through x and ϕ(x). Clearly, ϕ(y) and ϕ(z) are separated by both hyperplanes H and H and thus the same holds for y and z. Let w denote the median of x, y, and ). This implies that ϕ(x) = ϕ(y) = ϕ(z), a contradiction.
The proof of Proposition 4.1 establishes, in fact, the following result about the possible 1 -embeddings of K 5 and K 6 in three-dimensional space. Proof. Let X ⊆ R 3 be a set of equidistant points with pairwise distances 1. If |X | = 5, 6, then, by the proof of Proposition 4.1, all medians ϕ(x) (x ∈ X\{u, v}) coincide with, say, x 0 ∈ R 3 . Therefore, X ∪ {x 0 } is an embedding of the star K 1,|X | in R 3 . If |X| = 5, the result follows from the fact that the path metric of a star is 1 -rigid. Now, let |X | = 6. Up to translation, we can assume that x 0 = 0 := (0, 0, 0). We show that X = {± 1 2 e i | i = 1, 2, 3}. Indeed, each of the six open half-spaces supported by the coordinate hyperplanes through the origin cannot contain more than one point from X \{0} since 0 does not belong to the interval of any two points from any of these open half-spaces. Consequently, all six points from X \{0} lie on the coordinate axes, whence the result follows.
We conclude with some examples of embeddings (up to scale) of K 4 in the space R 3 . The embeddings shown in Fig. 2 correspond, respectively, to the star decomposition 
